In the quantum logic framework we show that the no-signaling box model is a particular type of tensor product of the logics of single boxes. Such notion of tensor product is too strong to apply in the category of logics of quantum mechanical systems. Consequently, we show that the no-signaling box models cannot be considered as generalizations of quantum mechanical models.
I. INTRODUCTION
Let us consider the following very simple model: a composite system consisting of two parties, each of them is a "black box", a device that produce an output value α when it is provided with an input value a. An input can be physically identified with an observable on the box, while the output is the outcome of that measurement. Any such device is characterized by the input set and a family of sets, indexed by input values, of allowed outputs. It is assumed that all these sets are finite 1, 2 . A state of such device defines a probability P (α|a) of getting α given a. The system of two such devices produces a pair of output values (α, β) upon pair of input values (a, b). Again, the state of composite system defines the probability P (αβ|ab) of getting (α, β) given (a, b). Additionally, we assume certain independence conditions, called a no-signaling hold:
This is an expression of Einstein's causality principle that forbids instantaneous interactions (thus also information transfer); in plain words: "what happens in one box does not influence the other." Intuitively, a no-signaling model is a composite system in which all components are coupled in minimal physically sensible way.
The above described models were introduced by Popescu and Rohrlich 3 (thus their alternative name is Popescu-Rohrlich or PR-boxes) as an example of a system violating quantum bound of Bell-type inequalities, while still being compatible with Einstein's causality principle. Since then, such models found many applications in quantum information theory, ranging from security of communication and distributed computing [4] [5] [6] , communication complexity 7-10 , to quantifying randomness 11, 12 . It is also a widely used tool in discussions related to foundations of physics [13] [14] [15] [16] [17] [18] [19] .
Despite numerous applications, a rigorous mathematical treatment of no-signaling models is rather scarce. The need for such is two-fold. Firstly, since there are no physical realizations of no-signaling models, properties of such systems cannot be verified experimentally but only on the basis of rigorous mathematical framework. Secondly, since no-signaling models actually generalize probability beyond quantum probability, we should expect new qualitative changes, in analogy to passing from classical to quantum probability. Only a systematic study of mathematical structure can reveal such new non-intuitive properties. 
II. QUANTUM STRUCTURES
Let us recall the most important definitions and facts that will be used in the sequel.
L1 there exists the greatest (denoted by ½) and the least (denoted by 0) element in L,
where p ∨ q is the least upper bound and p ∧ q the greatest lower bound of p and q.
Two elements p, q of quantum logic L are called disjoint whenever p ≤ q c . An element p is said to cover q whenever q ≤ r ≤ p implies r = q or r = p. Elements covering 0 are called atoms and L is called atomistic whenever any element q ∈ L is a supremum of all atoms less than q. In a typical way we define a sublogic K of a quantum logic L as a subset K ⊂ L closed under orthocompletion and countable sums of disjoint elements.
We will be denoted by S(L) the set of all states on a quantum logic L Definition 3 Elements p, q ∈ L of a quantum logic L are compatible, what we denote by p ↔ q, whenever there exist pairwise disjoint elements p 1 , q 1 , r such that p = p 1 ∨r, q = q 1 ∨r.
More generally, a subset A ⊂ L is said to be compatible whenever for any finite subset
It is easier to think about compatibility in terms of the following property: 
C3 for any countable family {A i } ⊂ ∆ of mutually disjoint sets {A i } ∈ ∆.
Then (Ω, ∆) is called a concrete (quantum) logic.
Definition 6 (see Def. 44 in Ref. 27 ) Let L be a quantum logic. The set of states S is said to be rich whenever:
We say that L is rich whenever it has a rich subset of states. 
Definition 8 (see Ref. 28 p. 53) Let S ⊂ S be subset of the set of states S of a quantum logic L. We say that µ ∈ S is a superposition of states in S whenever
Let us denote by S = {µ ∈ S | µ is superposition of states in S}.
From the physical point of view, it is essential to have a tool to describe composite systems. There are some arguments in the direction that it should always be a kind of Definition 9 Let L 1 , L 2 be regular quantum logics. The free orthodistributive product of
, where L is a quantum logic and
Pulmannová 32 has shown that the existence of free orthodistributive product in the category of atomistic σ-lattices is quite an exceptional case:
Let us remark that the property (1) is not satisfied for a pair of lattices of projections on a Hilbert space, thus this theorem is not applicable to the tensor product of Hilbert spaces (which obviously is a free orthodistributive product of lattices of projections).
In order to define a tensor product of quantum logics (which is required to be a free orthodistributive product from the category-theoretical standpoint) we want to specify not only how the set of propositions behave but also how sets of states combine together.
Pulmannová proposed the following two definitions 26,32 :
Definition 11 Let L, K be quantum logics with S, R being a state spaces of L and K respectively. A quantum logic T with a state space U will be called a strong tensor product of L and K whenever there are mappings α : L × K → T , β : S, R → U such that:
if instead of (ii) following two weaker conditions are satisfied (ii') {χ ∈ U | χ(c) = 1} = {β(µ, ν) | β(µ, ν)(c) = 1}, for all c of the form:
(ii") β(S, R) = U then we say that T is a weak tensor product of L and K.
From the previously quoted Thm. 10 
where a ∼ b iff a, b are both the least elements or the greatest elements in any of L i 's. In other words, L is the disjoint union of logics L i glued togheter at 0 and ½.
III. LOGIC OF NON-SIGNALLING BOXES AS A TENSOR PRODUCT
Let us briefly recall the structure of the logic of arbitrary two box system; cf. Ref. Denote by
phase space that can be associated with the first and the second box, respectively. The composite (classical) system will be described a classical phase space Γ = Γ 1 × Γ 2 . An experimental question "does pair of inputs (a, b) results in a pair of outputs (α, β)" can be associated with the following subset of the phase space Γ:
The logic L of (U, V)-box world is the quantum logic generated in the Boolean algebra 2 Γ by all questions of the above form (see Ref. 21 and 22 for details):
Of course, L does not have to be (and is not) a Boolean algebra anymore.
In a similar way we can assign a logic L U to the first box. It is the quantum logic L U generated in 2
Observe that L U is a 0-1-pasting of the family of Boolean logics {2 Ua } a=1,...,N . Intuitievly speaking, this means that we do not impose any relations between outputs for different inputs. In the same manner we define logic L V of the second box.
Theorem 13
The quantum logic L of (U, V)-box system is an orthodistributive product of
Proof Since L U is a 0-1 pasting of Boolean algebras 2 U i , any nonzero element of L U is of the form:
where a = 1, . . . , N and A ⊂ U a . The same is true for
are clearly injective mappings from
exists and in Ref. 22 we have shown that
Corollary 14 Thm. 10 is no longer valid in the category of regular quantum logics.
Actually, we can show even more:
The logic L of (U, V)-box world is a strong tensor product of single box logics
and Ψ(µ, ν)([aα, bβ]) = µ(aα)ν(bβ) (and extend by orthogonal sums to all L). It is clear that Firstly, observe that since L is a concrete logic, it has a rich set of two-valued states. Any such state χ on L can be characterized by the set of atoms O χ on which it obtains value 1 (logic is atomistic, so the value of a state on atoms fully describe the state). Moreover, if 
In the next step we define two functions µ, ν on L 1 and L 2 respectively, by: This fact has remarkable consequences. As it was mentioned in the introduction, for lattices of projections on Hilbert spaces, strong tensor product does not exist. It is a consequence of the fact that pure entangled states on the composite quantum system are not mixtures but superpositions of pure product states 26 . Thus to describe properly a composed quantum mechanical systems we have to use weaker notion of the weak tensor product.
One the other hand, the logic of two non-signalling boxes is a strong tensor product of logics of single boxes, so, contrary to the quantum mechanical states, the set of product states fully describes the physical structure of a box system. It might suggest that what is called "entanglement" or "non-local" property of certain states on box-world system is in fact a weaker notion than the quantum mechanical entanglement (despite the fact that it allows stronger violation of Bell-type inequalities). Giving precise meaning to this statement is an interesting topic of a further research.
Our example suggests also that no-signaling box models are not the best tools to investigate the question of what distinguishes quantum mechanics from other no-signaling theories 13 . Their super-quantum properties are the result of a rather trivial structure, allowing for strong tensor product to exists. By no means one can state that the no-signaling boxes are more general than the quantum mechanics, even restricted to the finite dimensional Hilbert spaces.
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